We study the classification of singularities of holomorphic foliations and non-integrable oneforms under the hypothesis of transversality with real hypersurfaces.
Introduction and main results
Let Ω be a germ of holomorphic one-form at the origin 0 ∈ C n , n ≥ 3. We address the problem of analytical classification of Ω in the non-integrable case. Motivated by the geometrical-analytical classification of singularities in dimension 2 we consider the case where the Kernel of Ω generates a germ of distribution Ker(Ω) transverse to small spheres S 4m−1 (0; ε). This is one, though not the only, central motivation for this work. The problem of existence of separatrices for germs of singularities of integrable one-forms is an ancient problem already considered in work of BriotBouquet. The existence results in [2] (for dimension n = 2) and in [3] (for the non-dicritical case in dimension n = 3) motivate the following Question 1. (1) Let Ω be a non-integrable germ of holomorphic one form singular at 0 ∈ C n , n ≥ 3. Does Ker(Ω) admit a separatrix ? (2) Is there any non-integrable germ of holomorphic one-form Ω singular at the origin 0 ∈ C 2m such that Ker(Ω) is transverse to small spheres S 4m−1 (0; ε), ε > 0 and Ker(Ω) admits no separatrix through the origin?
Other motivations are related to our previous work in [6] and [7] . Our main results read as: Theorem 1. Let D ⋐ C n , n ≥ 3, be a bounded domain with regular boundary ∂D and Ω a holomorphic one-form in a neighborhood of D without singularities in ∂D.
(1) Suppose D is convex and there exists a holomorphic vector field ξ in a neighborhood of D transverse to ∂D and such that Ω · ξ ≡ 0. Then Ω is not integrable. An example of case (2) above is when Ker(Ω) is tangent to a codimension one locally free holomorphic Lie group action in some neighborhood of D. Let us give examples of (1) in Theorem 1. In [7] it is observed that if A = (a ij ) 2m i,j=1 is a non-singular skew-symmetric matrix, A ∈ GL(C 2m ), then
a ij z i dz j defines a non-integrable holomorphic (linear) distribution transverse to the spheres S 4m−1 (0; R) ⊂ C 2m , R > 0. Such a one-form will be called linear.
A particular case is the one-form Ω 0 = m j=1 (z 2j−1 dz 2j − z z j dz 2j−1 ). One may ask for non-linear
Theorem 2. The one-forms Ω A and Ω ℓ are not integrable for m ≥ 2, singular only at the origin,
The examples Ω A , Ω 0 and Ω ℓ above constructed motivate the problem of analytical classification of germs of non-integrable one-forms defining distributions transverse to small spheres (see Question 2 in §4).
In the course of the proof of Theorem 2 we obtain the following Darboux's theorem type for polynomial distributions:
Let Ω be a (not necessarily integrable) polynomial one-form on C n , n ≥ 2 having singular set of codimension ≥ 2. If Ker(Ω) has infinitely many algebraic invariant hypersurfaces then Ω is integrable. Indeed Ω = P dQ − QdP for some polynomials P, Q and in particular the leaves of the foliation F Ω defined by Ω are contained in the algebraic subvarieties {λP − µQ = 0} where (λ, µ) ∈ C 2 − {(0, 0)}.
Invariant manifolds and separatrices
Let Ker(Ω) be a codimension one holomorphic distribution on a complex manifold V n .
In other words, any tangent vector to Λ * belongs to Ker(Ω). If Λ ⊂ V is singular we say that Λ is invariant by Ker(Ω) if its regular part Λ * = Λ \ sing(Λ) is Ker(Ω)-invariant. Lemma 1. Let Ker(Ω) be given by a holomorphic one-form Ω in V with cod sing(Ω) ≥ 2 and let Λ ⊂ V be a codimension one analytic subset given by a reduced equation Λ : {f = 0} for some holomorphic f : V → C. The following conditions are equivalent:
Proof: Since all objects involved are analytic we may consider the local case also at a generic (and therefore non-singular) point p ∈ Λ * . In suitable local coordinates (z 1 , . . . , z n ) = (z 1 , . . . , z n−1 , f )
we have p = 0 and Λ given by {f = z n = 0}. Also we may write Ω = n j=1 a j dz j . Suppose Λ is Ker(Ω) invariant. Then, since Λ is given by {z n = 0} we have Ω · ∂ ∂z j {zn=0} = 0 for all j ∈ {1, . . . , n−1}. In other words z n divides a j in C{z 1 , . . . , z n } for every j ∈ {1, . . . , n−1} and therefore
z nãj dz j + a n dz n for some holomorphicã 1 , . . . ,ã n−1 ∈ C{z 1 , . . . , z n }. Thus Ω ∧ , . . . ,
Proof of Corollary 1:
The proof is essentially the same given in [8] . Using Lemma 1 above we conclude that, given an irreducible codimension one algebraic subvariety Λ ⊂ C n with reduced equation {f = 0} where f ∈ C[z 1 , . . . , z n ] is reduced, we have: ( * ) Λ is Ker(Ω)-invariant if, and only if, Ω ∧ df f is a polynomial 2-form in C n . Now we define a C-linear map T : C S → Ker(Ω) as follows: S is the space of all irreducible Ker(Ω)-invariant codimension one subvarieties Λ α ⊂ C n , α ∈ A; P is the space of all polynomial 2-forms of degree deg(Ω) − 1 in C n . By definition, given an element (λ α ) α∈A ∈ C S we have λ α ∈ C for every α ∈ A and λ α = 0 except for a finite number of indexes α ∈ A. To each element Λ α ∈ S we choose a reduced equation
Since P is a finite dimensional vector space we conclude that T has kernel of dimension ≥ 2 and therefore there are linearly logarithmic one-forms
for some non-constant rational function h ∈ C(z 1 , . . . , z n ). Since both logarithmic forms are closed we have 0
Write h = P Q as a quotient of polynomials P, Q ∈ C[z 1 , . . . , z n ] without common factors to obtain Ω ∧ (QdP − P dQ) = 0. The corollary follows easily.
Let p ∈ V n be a singularity of Ker(Ω), that is, of Ω. Definition 2. A germ of codimension one analytic subset Λ p at p is a separatrix of Ker(Ω) if it is invariant by Ker(Ω). This means that if Λ is any representative of Λ p in a neighborhood U of p in V n then Λ is Ker(Ω)-invariant. We shall always assume Λ and Λ p to be irreducible, nevertheless we do not require that Λ\Λ * = sing(Λ) is contained in sing(Ker(Ω)).
Proof of Theorem 2:
The non-integrability of Ω A and Ω ℓ is a straightforward computation (cf. [6] ). For the transversality with the spheres it is enough to show that these forms admit holomorphic sections with the required transversality with the spheres: Ω A admits the radial
. Now we shall prove that Ω 0 admits no separatrix through the origin. We begin with some general remarks. Let X j = z 2j−1
, j = 1, . . . , m. Then X j is a holomorphic vector field belonging to Ker(Ω 0 ) : Ω 0 · X j = 0, j = 1, . . . , m. Also clearly we have [X i , X j ] = 0, ∀ i, j ∈ {1, . . . , m}. Thus X 1 , . . . , X m span a codimension m holomorphic foliation L on C 2m with singular set sing(L) =
. We have T ∈ Ker(Ω 0 ) ⇐⇒ a j z 2j − b j z 2j−1 ≡ 0, ∀ j ∈ {1, . . . , m}. We may therefore take for instance f ijkℓ x i y j z k w ℓ is Taylor series to obtain from the first identity i,j,k,ℓ≥0
Analogously the other identities give
Since (a, b, c, d) = (0, 0, 0, 0) we conclude from (1), (2), (3) that f ijkℓ = 0, ∀ (i, j, k, ℓ) yielding a contradiction. Another way of seeing this is to notice that any invariant hypersurface Λ ⊂ C 2m containing the origin is ruled by the orbits of X, Y and R that is, by lines of the form s → (sa, sb, c, d); s → (a, b, sc, sd) and s → (sa, sb, sc, sd). Nevertheless, this is not possible for analytic (eventually singular) hypersurfaces.
We shall also need the following lemma: Lemma 2. Let Ω be a holomorphic one-form in a neighborhood U of the origin, with an isolated singularity at the origin and admitting a separatrix Λ 0 at 0 ∈ C n . Then Λ 0 is smooth outside the origin.
Proof: Choose a representative Λ for Λ 0 in a neighborhood 0 ∈ W ⊂ U . Suppose by contradiction that sing(Λ) contains some positive dimensional component sing 1 (Λ). Choose a generic point p ∈ sing 1 (Λ)\{0}. By the local version of Bertini's theorem we can find generic embeddings ϕ : (C 2 , 0) → (C n , 0) with the property that ϕ −1 (Λ) defines (a germ of) an analytic subset at 0 ∈ C 2 with singular set sing(ϕ −1 (Λ)) = ϕ −1 (sing 1 (Λ) ). In particular, 0 ∈ ϕ −1 (p) is a singularity of ϕ −1 (Λ). We have Ω * = ϕ * (Ω) generically non-singular, for Ω is non singular off the origin. Since clearly the curve ϕ −1 (Λ) is Ker(Ω * ) invariant we have a contradiction.
Proof of Theorem 1
We first prove (1). Let us recall a result of Brunella [1] . Given a relatively compact open subset D ⊂ C n , n ≥ 2 with smooth and strongly convex boundary and a holomorphic vector field ξ defined in a neighborhood of D, transverse to the boundary ∂D, there is a diffeomorphism Φ : D → B[0; 1] ⊂ C n sending the foliation F ξ induced by ξ onto a one-dimensional holomorphic foliation G in a neighborhood of the closed ball B[0; 1], transverse to the spheres S 2n−1 (0; R), 0 < R ≤ 1. According to [5] the foliation G has a unique singularity in the open ball B(0; 1) and this singularity is in the Poincaré domain: G is given in a neighborhood of the singularity by a vector field Z with non-singular linear part having eigenvalues λ 1 , ..., λ n such that the origin does not belong to the convex hull of the set {λ 1 , ..., λ n } in R 2 . This implies that ξ has a unique singularity in D and this singularity is in the Poincaré-domain for ξ. On the other hand the main result of [6] states that a given a holomorphic one-form ω in a neighborhood of the closed ball B[0; 1] ⊂ C n whose corresponding distribution Ker(ω) is transverse to the sphere S 2n−1 (0; 1) then ω has a unique singularity in the open ball and this singularity is simple in the following sense: if we write ω = n j=1 f j dz j in local coordinates centered at the singularity then the matrix (∂f j /∂z k ) n j,k=1 is nonsingular at the singularity. This shows that the given one-form Ω has a unique singularity in D and this is a simple singularity.
Claim 1. Ω and ξ have a common singularity in D.
Proof. Let Ω = n j=1 f j dz j in a neighborhood U of D on C n . According to [5] ξ has some singularity q ∈ D. From what we have observed above the same holds for Ω say sing(Ω) ∩ B 2m (0; R) = {p}.
We claim that p = q. To see this write ξ =
is non-singular we have A j (p) = 0, j = 1, . . . , n. By the uniqueness of the singularity of ξ we get p = q. This proves the claim.
We know that Ω and ξ have a common singularity say p ∈ D. Suppose by contradiction that Ω is integrable. By a theorem of Malgrange [10] , since codim sing(Ω) ≥ 3 at p, Ω admits a holomorphic (Morse-type) first integral in a neighborhood of p, say f : (W, p) → (C, 0). On the other hand, the germ of ξ at 0 is in the Poincaré-domain and therefore it admits no non-constant holomorphic first integrals: there is no such f with ξ(f ) ≡ 0 in a neighborhood of 0, except for the case df ≡ 0. This shows that Ω is not integrable. This proves (1).
Let us now prove (2) . By Steiness of D and Hartogs's Extension theorem we may extend X 1 , . . . , X n−1 holomorphically to a neighborhood U of the D. Then Ker(Ω) is spanned by the extensions X 1 , ..., X n−1 in a neighborhood of D. Suppose by contradiction that Ker(Ω) has a separatrix through a singularity p ∈ sing(Ω). If Λ is the representative of a separatrix at p, in a neighborhood W of p in B 2m (0; R) then by Lemma 2 we may assume that Λ has an isolated singularity at p ∈ W or it is smooth everywhere. 1 st case: If Λ is not smooth at p. According to Lemma 2 the separatrix Λ is smooth off the singular set sing(Ω) therefore Λ has an isolated singularity at p. Since Λ is F-invariant the vector fields X 1 , . . . , X n−1 are tangent to Λ. According to Lins Neto ([9] Theorem 1) the holomorphic rank of Λ is one. Therefore, given i, j ∈ {1, . . . , n − 1}, i = j there exists a point q ∈ Λ\{p} such that X i (p) and X j (q) are linearly dependent. Since the result of [9] holds for germs of hypersurfaces we actually have analytic subset D Λ ij = {q ∈ Λ; X i (q) and
is an analytic subset of Λ with p ∈ Λ ij and D Λ ij ∩ (Λ\{p}) = ∅. Therefore D s ij is a germ of analytic subset of dimension ≥ 1 at p ∈ C n (notice that since n > 2 and (by [7] ) n is even we must have n − 1 ≥ 3). Since X i and X j are defined in a neighborhood of D we conclude that there exists an extension D ij of D s ij to a neighborhood of D ⊂ C n . Indeed D ij = {q ∈ U ; X i (q) and X j (q) are linearly dependent} is an analytic subset of U that contains the germ D s ij . Since D is Stein necessarily D ij ∩ ∂D = ∅ and therefore Ker(Ω) has dimension ≤ n − 2 at some points in ∂D; this contradicts the hypothesis of transversality Ker(Ω) ⋔ ∂D.
2 nd case: If Λ is smooth. In this case we may assume that, in suitable local coordinates (z 1 , . . . , z n ) we have p = (0, . . . , 0) and Λ given (locally around p) by Λ : {z n = 0}. Since Λ is Ker(Ω) invariant we may write (cf. Lemma 1) Ω = n−1 j=1 z n · a j dz j + A n dz n for holomorphic a 1 , . . . , a n−1 , A n . The fact that 0 is a simple singularity implies that the matrix 
. . . 0 a n−1 (0)
and therefore det A(0) = 0, contradiction.
On the analytical classification of non-integrable distributions: an approach i terms of transversality and open questions
The problem of local analytic classification of singularities of holomorphic one-forms in dimension two is a very well-developed topic in the theory of singularities. Recently (cf. [4] ) the analytic classification was obtained for germs of integrable one-forms at the origin 0 ∈ C 3 . As far as we know nothing is found regarding the non-integrable case. Obviously the class of germs of singular (non-integrable) holomorphic one-forms is too wide in order to be classified at a first moment and we also lack of geometric ingredients. This remark is one of the motivations for our incoming approach. Other motivation is given by the following well-known result for foliations in dimension two:
. Given a germ of singular holomorphic one-form Ω at 0 ∈ C 2 the following conditions are equivalent: (2) Ker(Ω) is transverse to some (and therefore to every) small sphere S 3 (0; ε), ε > 0.
(3) There are local analytic coordinates (x, y) ∈ (C 2 , 0) such that Ω(x, y) is either linear Ω = λxdy − µydx with λ/µ ∈ C\R − , or it is of the form Ω = xdy − (ny + x n )dx where n ∈ N (called Poincaré-Dulac normal form).
Thus we have the following problem: Problem 1. To obtain the local analytical classification of germs of non-integrable holomorphic one-forms Ω at 0 ∈ C n under the hypothesis of transversality with small spheres S 2n−1 (0; ε).
One may work with the following notions and models:
a ij z j dz i where A = (a ij ) 2m i,j=1 is a skew-symmetric matrix then Ω A will be called linear. A one-form Ω ℓ as above will be called Poincaré-Dulac non-integrable normal form. A germ of singular non-integrable one-form Ω at the origin 0 ∈ C 2m is in the Poincaré domain if Ker(Ω) is transverse to small spheres S 4m−1 (0; ε), ε > 0. We shall say that Ω is analytically linearizable if f * Ω is linear for some germ of biholomorphism f ∈ Bih(C 2m , 0) fixing the origin. Finally we say that Ω is (analytically conjugate to) a Poincaré-Dulac non-integrable normal form if f * Ω = Ω ℓ for some f ∈ Bih(C 2m , 0) and some ℓ ∈ N m . Question 2. Are (i) and (ii) below equivalent? (i) Ω is the Poincaré-domain.
(ii) Ω is analytically linearizable or conjugate to a Poincaré-Dulac non-integrable normal form.
We remark that the non-integrable examples we have given, do admit holomorphic sections transverse to small spheres S 4m−1 (0; R) (see the proof of Theorem 2). Therefore, a first question would be: 
